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1. INTRODUCTION
Let KG denote the group algebra of a ﬁnite group G over a ﬁeld
K. In this paper, we are concerned with the existence of nonabelian free
subgroups of the group of units UKG. For convenience and following
[GP2], we say that an arbitrary group  is 2-related if it contains no non-
abelian free subgroup. Thus  is 2-related if and only if every homomor-
phism from the 2-generator free group 2 into  has a nontrivial kernel
and hence if and only if every two elements of  are related, that is, they
satisfy a nontrivial word in 2. Obviously, the property of being 2-related
is closed under taking subgroups and homomorphic images.
If G is abelian, then UKG is commutative, and if G/ƆπG is
abelian, where charK = π > 0 and ƆπG is the largest normal π-
subgroup of G, then UKG is solvable since the kernel of the natural
homomorphism KG → KG/ƆπG is a nilpotent ideal. Furthermore,
if K is an absolute ﬁeld (that is, algebraic over a ﬁnite ﬁeld), then UKG
is a periodic group. Certainly, in all three of these situations, UKG can-
not contain a nonabelian free group, and, consequently, it is is 2-related.
On the other hand, if KG does not satisfy any of the above conditions,
then UKG does contain a nonabelian free group. For the most part,
this result of [G] follows from the fact that GL2K contains such a free
subgroup. See [HP] for the analogous problem in integral group rings.
Speciﬁc generators for a nonabelian free subgroup of the unit group of
the integral group ring ZG were given in [MS] for the case where G
has a nonnormal subgroup. A similar result for group algebras in positive
characteristic can be found in [GP1]. In this paper, we consider units of a
different nature, namely
Deﬁnition 1.1. Let KG be the group algebra of G over a nonabso-
lute ﬁeld K, and let X = x be a cyclic subgroup of G of prime power
order. Then we say that uX ∈ UKX is a special unit, depending upon
the generator x, if one of the following three conditions is satisﬁed:
i. charK = 0 and uX = x − r/x − s for suitable integers r	 s ∈
Z ⊆ K with r	 s ≥ 2.
ii. charK = π > 0, X is prime to π, and uX = x − r/x − s
for suitable r	 s ∈ K that are positive powers of a ﬁxed element t ∈ K
transcendental over the prime subﬁeld K0 = GFπ.
iii. charK = π > 0, X is a π-group, and uX = 1 + t1 + x + · · · +
xπ−1, where t ∈ K is transcendental over K0.
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In parts (ii) and (iii) above, we say more precisely that uX is special,
based on t. Using this notation, our main result is
Theorem 1.2. Assume that either charK = 0 andG is nonabelian, or that
K is a nonabsolute ﬁeld of characteristic π > 0 and G/ƆπG is nonabelian.
Then there are two cyclic subgroups X and Y of G of prime power order, and
two special units uX ∈ UKX and uY ∈ UKY  (based on the same
preselected transcendental element if charK > 0), such that uX	 uY  is not
2-related.
As a consequence, we obtain
Corollary 1.3. Assume that either charK = 0 and G is nonabelian,
or that K is a nonabsolute ﬁeld of characteristic π > 0 and G/ƆπG is
nonabelian. Then the subgroup of UKG generated by units of the form
x− r with x ∈ G and r ∈ K has a nonabelian free subgroup.
These results are proved, by induction on G, in Section 4. The key
groups that must be considered are given by
Lemma 1.4. Let G be a ﬁnite group and let π be a ﬁxed prime. Suppose
that G/ƆπG is nonabelian, but that H/ƆπH is abelian for every proper
subgroup and every proper homomorphic image H of G. Then we have the
following two possibilities.
i. (The p-group case) G is a p-group with p = π, its center G is
cyclic of index p2, and G′ = p. Furthermore, either G = p3, or G = XY ,
where X is cyclic and Y  = p.
ii. (The Frobenius case) G = AX, where A is an elementary abelian
q-group with the prime q different from π, X is cyclic of prime order p = q,
and X acts faithfully and irreducibly on A.
Proof. It is clear that ƆπG = 1. Suppose ﬁrst that G = 1 and
choose Z to be a central subgroup of prime order p. Since ƆπG = 1,
we have p = π, and it follows easily that ƆπG/Z = 1. Hence G/Z is an
abelian π ′-group by hypothesis. Thus G is nilpotent of class 2 and Z = G′.
In particular, Z is unique, so G must be a cyclic p-group, and since G
is nilpotent, we see that G is also a p-group. Using p = π, we conclude
from the hypothesis that G is a minimal nonabelian p-group and, hence,
by [MM], either G = p3 or G = XY with X cyclic and Y  = p.
We can now assume that G = 1 and, in particular, that G is not
nilpotent. Suppose next, by way of contradiction, that G is simple, and let
p = π be a prime divisor of G. If P is any nonidentity p-subgroup of
G, then GP is proper and therefore has a normal p-complement by
hypothesis. Frobenius’ theorem (see [H, Satz IV.5.8(b)] now implies that G
has a normal p-complement, and this contradicts the assumption that G is
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a simple group that is not nilpotent. Consequently, G is not simple, and we
conclude from the hypothesis that G is solvable.
Finally, let A be a minimal normal subgroup of G. Then A is an ele-
mentary abelian q-group for some prime q = π, and A is not central. In
particular, we can choose x ∈ G to be an element of minimal order not
centralizing A. Certainly x has prime power order, say x = pn. Note that
the group A	x has a nontrivial commutator subgroup contained in A,
so G = A	x by hypothesis. The minimal nature of x now implies that
xp ∈ G = 1, and hence X = x is cyclic of prime order p. Clearly,
G = AX, and, since A is a minimal normal subgroup of G, we conclude
that X acts faithfully and irreducibly on A.
As we will see, the p-groups above are fairly easy to handle, but the
Frobenius group work is much more difﬁcult. The proof of our main theo-
rem uses techniques from [GP2]. However, the objective of that paper was
somewhat different from the problem here. In particular, since we were
not concerned with a precise description of the unitary units in KG, we
were able to ﬁnesse a serious study of the Frobenius group G = AX in
[GP2]. Here, we have to come to grips with the representation theory of
such groups. Surprisingly, there are interesting open questions concerning
these representations, especially in positive characteristic. We start with a
few simple properties. See [I1] for basic information on this subject. We
do have to be a bit careful below to allow for the possibility that p is the
characteristic of K.
Lemma 1.5. Let G = AX, where A is an elementary abelian q-group,
X is cyclic of prime order p, and X acts faithfully and irreducibly on A. Let
K be a ﬁeld of characteristic = q, and assume that K contains a primitive qth
root of unity.
i. If µ KA → K is a nonprincipal linear character of A, that is, a
nontrivial one-dimensional character, then the induced representation θ = µG
is an absolutely irreducible representation of KG.
ii. Conversely, if θ is a nonlinear irreducible representation of KG and
if µ KA → K is a constituent of the restriction θA, then µ = 1 and θ = µG.
In either situation, θ is faithful on the group G and degθ = p. Furthermore, θ
is injective on the group ring KX, and, by conjugating if necessary, we can
assume that θα = diagµα	 µαx	    	 µαxp−1 for all α ∈ KA.
Proof. Since G = AX is a Frobenius group, X acts in a ﬁxed-point-
free manner on the dual group of A. Thus, each nonprincipal character of
KA has p = X conjugates under the action of X.
(i) Let µ KA → K be a nonprincipal character and set θ = µG.
Then degθ = p and θA = µ1 + µ2 + · · · + µp is the sum of the p distinct
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conjugates of µ. If ψ is an irreducible subrepresentation of θ, then ψA
must contain some µi, and hence it contains the entire X-orbit of µ. In
particular, we have p = degθ ≥ degψ ≥ p, so θ = ψ is irreducible.
(ii) Conversely, let θ be a nonlinear irreducible representation of
KG and let µ be an irreducible constituent of θA. If µ = 1, then G′ =
A ⊆ kerθ and θ is linear, a contradiction. Thus, µ = 1, and, hence, by (i)
above, µG is irreducible. In particular, since θ is a quotient of θAG and
since the latter is a direct sum of copies of µG, we conclude that θ = µG,
as required.
The remaining observations follow from the deﬁnition of induced repre-
sentation and the fact that A = G′ is the unique nontrivial normal subgroup
of G.
2. FROBENIUS GROUPS
As we indicated in the Introduction, our proof relies on certain special
case considerations. Indeed, the p-groups are easy to handle, while the
Frobenius groups are much more of a challenge. The following result is
well known. We include it here as motivation for later work.
Lemma 2.1. Let G be a nilpotent group of class ≤ 2 and let θ KG →
MnK be a G-faithful absolutely irreducible representation. If T is a transver-
sal for G in G, then θT  is a K-basis for MnK and hence n2 = T  =
G G.
Proof. Since θ is absolutely irreducible, θKG = MnK. Now for
each g ∈ G, let χg ∈ K be the matrix trace of θg. Thus χ G → K
is the character of G associated with θ. If g ∈ G, then θg = λI is
a scalar matrix, and hence χg = λn. If g /∈ G, then since G has
class ≤ 2, there exists x ∈ G with x−1gx = gz for some 1 = z ∈ G.
Thus θx−1θgθx = θgθz = µθg, where θz = µI, and µ = 1
since z = 1 and θ is faithful. Taking matrix traces and using the fact that
similar matrices have the same trace, we obtain χg = µ · χg and hence
χg = 0. In other words, χ vanishes off G. Now all matrices in θG
are scalar, so it follows that θT  spans MnK. Furthermore, since there
are matrices in MnK with nonzero trace, we see that χ cannot vanish on
G, and in particular we have n = 0 in K. Finally, suppose ∑g∈T kgθg = 0
is a linear dependence relation for θT . If x ∈ T , then multiplying this
equation by θx−1 and taking traces yields kxn = 0, since gx−1 ∈ G
if and only if g = x. Thus kx = 0 for all x ∈ T , and θT  is K-linearly
independent, as required.
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Next, we consider the necessary Frobenius groups. Speciﬁcally, let G =
AX, whereA is an elementary abelian q-group,X = x is cyclic of prime
order p, and X acts faithfully and irreducibly on A. Assume that K is a ﬁeld
of characteristic different from p and q, and that K contains a primitive
(pq)th root of unity. We ﬁx this notation throughout the remainder of the
section.
If θ is a nonlinear irreducible representation of KG, then by Lemma
1.5, θ is faithful on G and θKG =MpK has dimension p2. In analogy
with Lemma 2.1, it is appropriate to ask whether there is a natural basis
for this matrix ring built from certain group elements. For example, if 1 =
a ∈ A, then Y = aXa−1 is a cyclic subgroup of G of order p disjoint from
X. Thus XY is a set of p2 distinct elements of G, and we ask whether
θXY  is a basis for MpK. As it turns out, this is indeed the case if
either char K = 0 or char K is positive and sufﬁciently large as a function
of p and q. On the other hand, we will show by example that there exists
an appropriate KG such that for all θ and all X, Y , the set θXY  is not
a basis for the matrix ring.
Returning to the general group G, we know that θKA may be taken
to be the set of diagonal matrices in MpK, and hence this image has
dimension p. On the other hand, each nonidentity G-conjugacy class con-
tained in A has size p, and we ask whether there exists such a class a with
θa a basis for the diagonal matrices. This question turns out to be pre-
cisely equivalent to the preceding one and hence has the same positive and
negative answers. Fortunately, we are able to partially ﬁnesse the negative
answers and prove a result just strong enough to enable us to construct the
units we require.
We now start the formal considerations. Since X acts on A, it also acts on
KA, and for each linear character λ KX → K, we deﬁne the λ-trace
trλ KA → KA to be the K-linear map given by
trλ α =
p−1∑
i=0
λx−iαxi =
p−1∑
i=0
λxiαx−i for all α ∈ KA
Basic properties are as follows.
Lemma 2.2. With the above notation, we have trλαx = λxtrλ α and
trλ αtrµ β =
p−1∑
k=0
λx−ktrλµαx
k
β =
p−1∑
k=0
µx−ktrλµαβx
k
Proof. For the ﬁrst fact, note that
trλ αx =
∑
i
λx−iαxi+1 = λx∑
i
λx−i+1αxi+1 = λxtrλ α
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For the second, write i = j + k and observe that
trλ αtrµ β =
∑
i	j
λx−iαxiµx−jβxj =∑
j	k
λx−j+kµx−jαxj+kβxj
=∑
k
λx−k∑
j
λµx−jαxkβxj =∑
k
λx−ktrλµαx
k
β
The third formula follows from the above by interchanging the factors.
Now suppose µ KX → K is a linear character. Then the idempotent
eµ ∈ KX associated with µ is given by
eµ =
1
p
p−1∑
i=0
µx−ixi = 1
p
p−1∑
i=0
µxix−i
Indeed, we have
xeµ =
1
p
p−1∑
i=0
µx−ixi+1 = µx
p
p−1∑
i=0
µx−i−1xi+1 = µxeµ
The basic relation between these idempotents and the λ-traces is as follows.
Lemma 2.3. Let µ	η KX → K be linear characters and let α ∈ KA.
Then
eµαeη =
1
p
trλ αeη =
1
p
eµtrλ α	
where λ = µ−1η.
Proof. To start with, we have
eµαeη =
1
p
p−1∑
i=0
µxix−iα · eη =
1
p
p−1∑
i=0
µxix−iαxi · x−ieη
= 1
p
p−1∑
i=0
µxiηx−ix−iαxi · eη
since x−ieη = ηx−ieη. Thus, setting λ = ηµ−1, we obtain
eµαeη =
1
p
p−1∑
i=0
λx−iαxi · eη =
1
p
trλ α · eη
The second formula follows in a similar fashion.
Recall, from Lemma 1.5, that every nonlinear irreducible representation
θ of KG has degree p. Furthermore, according to that lemma, we can
always assume that θA consists of diagonal matrices.
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Lemma 2.4. Let θ be a nonlinear irreducible representation of KG, and
let µ KA → K be a constituent of the restriction θA. If α ∈ KA, then
θtrλ α is either zero or an invertible element in MpK = θKG. It is
invertible if and only if
∑p−1
i=0 λx−iµαx
i = 0.
Proof. Since trλ α commutes with A and since trλ αx = λxtrλ α, we
see that θtrλ αMpK is a two-sided ideal of the matrix ring MpK =
θKG. With this, it is clear that θtrλ α is either zero or invertible.
Furthermore, since θtrλ α is a diagonal matrix, it is invertible if and only
if its (1,1)-entry is not zero, and according to Lemma 1.5, this entry is equal
to
∑p−1
i=0 λx−iµαx
i.
We can now prove the equivalence of the various problems.
Lemma 2.5. Let θ be a nonlinear irreducible representation of KG, and
let µ be an irreducible constituent of θA. Fix 1 = a ∈ A, and set Y = aXa−1.
The following are equivalent.
i. θXY  = θXθY  is a basis for MpK = θKG.
ii. θa is a basis for the diagonal matrices in MpK.
iii. θtrλ a = 0 for each λ KX → K.
iv.
∑p−1
i=0 λx−iµax
i = 0 for each λ KX → K.
Proof. We show that each of these conditions is equivalent to (iii) and
note that (iv) ⇔ (iii) follows from the previous lemma.
(ii) ⇔ (iii). If θa = θa	 θax	    	 θaxp−1 is K-linearly inde-
pendent, then certainly θtrλ a = 0 for each λ. Conversely, suppose that
each θtrλ a = 0 and note that, by Lemma 2.2, each of these is an eigenvec-
tor for the conjugation action of θx with distinct eigenvalue λx. Thus,
the various θtrλ a are linearly independent and span a K-vector space
of dimension p. Since this space is contained in the span of θa, we
conclude that the latter span has dimension p and is equal to the set of
diagonal matrices in MpK.
(i) ⇔ (iii). Let µ	η KX → K, let eµ be the idempotent of KX
associated with µ, and let fη = aeηa−1 be the idempotent of KY  associ-
ated with η. Then, by Lemma 2.3,
eµfη = eµaeηa−1 =
1
p
trλ aeηa−1	
where λ = µ−1η. Since θ is faithful on KX and KY , we know that θeµ
and θfη are not 0. If θXθY  is linearly independent, then it follows
immediately that θeµθfη = 0 for all µ, η, and hence that θtrλ a = 0
for all λ. Conversely, if θtrλ a = 0 for all λ, then since θtrλ a and θa−1
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are invertible, we see that θeµθfη = 0 for all µ, η. The orthogonality
of the sets eµ  all µ and fη  all η now clearly implies that the set
θeµθfη  allµ	η of size p2 is linearly independent and hence spans
MpK. Therefore, θXθY  also spans MpK.
It is now a simple matter to obtain the positive answers.
Proposition 2.6. Let G = AX, where A is an elementary abelian
q-group, X is cyclic of prime order p, and X acts faithfully and irreducibly on
A. Let K be a ﬁeld with either char K = 0 or with char K > pp−1q−1 and
assume that K contains a primitive (pq)th root of unity. If θ is any nonlinear
irreducible representation of KG and if a is any nonidentity element of A,
then θXθaXa−1 is a basis for MpK = θKG and θa is a basis
for the diagonal matrices in MpK.
Proof. In view of Lemma 2.5, it sufﬁces to show that f λ	µ =∑p−1
i=0 λx−iµax
i is not zero for all nonprincipal µ KA → K and all
λ KX → K. We begin with ﬁelds of characteristic 0.
Suppose ﬁrst that λ = 1, and note that each µaxi is a qth root of unity.
Let ε be a ﬁxed primitive qth root of 1 and let cj denote the number of
µaxi equal to εj . Then c0 + c1 + · · · + cq−1 = p and f 1	 µ = c0ε0 +
c1ε
1 + · · · + cq−1εq−1. If f 1	 µ = 0, then the expression on the right must
be a scalar multiple of the minimal polynomial 1+ ε+ · · · + εq−1 for ε over
the rationals Q. Thus all cj equal c0 and, from c0 + c1 + · · · + cq−1 = p, we
obtain qc0 = p, a contradiction.
Next, suppose that λ = 1 and let λx = δ−1, where δ is a primitive pth
root of unity. Then f λ	µ = µa+µaxδ+ · · ·+µaxp−1δp−1. Since the
ﬁelds Qε and Qδ are linearly disjoint over Q, the minimal polynomial of
δ over Qε is the same as over Q, namely, 1+ δ+ · · · + δp−1. In particular,
if f λ	µ = 0, then all coefﬁcients of the δi are equal, since µaxi ∈ Qε.
In other words, µ is constant on the class a, and, by Lemma 1.5, θa is
central in MpK. But A is the unique nontrivial normal subgroup of G, so
θA is central in MpK, and hence so is θG, since G/A is cyclic. This
contradicts the fact that θ is not linear, so we conclude that f λ	µ = 0
for all appropriate λ and µ.
Finally, note that each f λ	µ is a nonzero algebraic integer and that it
and all of its Galois conjugates are sums of p roots of unity. Hence each
Galois conjugate of f λ	µ is nonzero and has absolute value ≤ p. Since
f λ	µ ∈ Qε	 δ, we see that Nf λ	µ, the norm of the element under
the Galois group GalQε	 δ/Q of order p− 1q− 1, is a nonzero inte-
ger of absolute value at most pp−1q−1. Thus, this norm remains nonzero
when viewed in a ﬁeld K of characteristic larger than pp−1q−1. It then
follows easily that f λ	µ is nonzero in all such ﬁelds of large positive
characteristic, and the result is proved.
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At this point, it is appropriate to offer an example. While the basic idea
here is simple, the computations are tedious and require a computer algebra
system. We use Maple V (see [BM]), but Maple 6 will also work. It is
certainly possible that smaller counterexamples exist. We have not tried a
systematic search.
Example 2.7. There exists a group G = AX and an appropriate
group algebra KG with char K different from p and q such that, for all
1 = a ∈ A,
i. tr1 atr1 a−1 = e, where e is the principal idempotent of KA.
ii. tr1 a/p is an idempotent.
iii. trλ atrλ−1 a = 0 for some λ = 1.
In particular, if θ is a nonlinear irreducible representation of KG, then
the product θXθaXa−1 is not a basis for MpK = θKG and θa
does not span the diagonal matrices in the matrix ring.
Proof. The computations in KG simplify if we limit the number of
G-conjugacy classes contained in A. Since there are no counterexamples
with just two classes, we consider the case where there are precisely three.
Furthermore, it is reasonable to assume that A is not cyclic. Thus, since
each nonidentity class has size p, we want A = qn = 1 + 2p with n > 1,
and it is easy to see that this equation requires q to equal 3 and n to be
a prime. The smallest possibility here is 33 = 1 + 2 · 13, and the next is
37 = 1 + 2 · 1093. Presumably, one does not know if there are inﬁnitely
many solutions to this equation. The ﬁrst few can be obtained from Maple
V, using the commands
for i from 1 to 25 do
n := ithprime(i) :
p := (3∧ n - 1)/2 :
isprime(p) :
od;
There are four solutions with n < 100, namely, n = 3	 7	 13, and 71.
Suppose we take such a solution, Since p divides 3n − 1, there is a sub-
group X = x of order p in the multiplicative group of GF(3n). In partic-
ular, if A is the additive group of this ﬁeld, then A is elementary abelian of
order 3n and X acts faithfully on A by ﬁeld multiplication. Indeed, it acts
irreducibly since 3n − 1 = 2p implies that p cannot divide 3m − 1 for any
0 < m < n. Form G = AX and note that no nonidentity element of A
can be conjugate to its inverse since G has odd order. Thus, for any such
1 = a ∈ A, the three G-conjugacy classes contained in A are 1 = 1, a,
and a−1 .
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(i) It is convenient to ﬁrst work in the rational group ring QG.
Here we have
tr1 atr1 a−1 = u+ vtr1 a +wtr1 a−1
for suitable integers u, v, and w. Clearly u = p is the number of times the
identity element occurs in the product. Next, note that the left-hand side
is ﬁxed under the usual antiautomorphism ∗ of QA obtained by mapping
each group element to its inverse. Thus the right-hand side is also ∗-stable,
and this implies that v = w. Finally, by applying the augmentation map
QG → Q to the above, or by just counting group elements, we obtain
p2 = p+ 2pv. Hence w = v = p− 1/2 and
tr1 atr1 a−1 =
p+ 1
2
+ p− 1
2
1+ tr1 a+ tr1 a−1 =
p+ 1
2
+ p− 1
2
Ae	
where e is the principal idempotent in QA. In particular, if K is any ﬁeld
whose characteristic divides p + 1/2, then, using the same notation in
KG, we see that tr1 atr1 a−1 is a scalar multiple of e. In fact, since
p − 1/2 = p + 1/2 − 1 and A = 3n = 1 + 2p = 4p + 1/2 − 1, it
follows that the scalar is equal to 1. When n = 3 and p = 13, we have char
K = 7, and when n = 7 and p = 1093, we have char K = 547. The third
example also yields only one characteristic, but the fourth with n = 71
yields ﬁve different possibilities. Note that if θ is a nonlinear irreducible
representation of KG, then θe = 0, and, hence, by Lemma 2.4, either
θtr1 a = 0 or θtr1 a−1 = 0.
(ii) We continue with the above example. As we observed, 1+ tr1 a+
tr1 a−1 = Ae = −e and tr1 atr1 a−1 = e. Furthermore, since p = −1 in
the ﬁeld K, we have tr1 ae = pe = −e and, consequently,
e = tr1 a−e = tr1 a1+ tr1 a+ tr1 a−1 = tr1 a+ tr1 a2 + e
Thus, tr1 a2 = −tr1 a, and tr1 a/p = −tr1 a is indeed an idempotent.
(iii) To proceed further, we need a more precise understanding of
the action of X = x on A. Unfortunately, the smallest group with p =
13 does not yield an appropriate example, so it is necessary to work with
p = 1093. To start with, the commands
p := 1093;
cyclo := simplify((yˆp - 1)/(y - 1)):
Factor(cyclo) mod 3;
yield a factorization modulo 3 of the cyclotomic polynomial for p. Choosing
a nice factor, we let the action of x on A = GF3n satisfy the trinomial
x7 − x5 − 1 = 0. Thus, every element of A can be written uniquely as af x,
where f x is a polynomial in x over GF(3) of degree ≤ 6. We can list the
exponents for the elements in the conjugacy class a via
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trinom := xˆ7 − xˆ5 − 1;
class := array(0   (p−l), []);
class[0] := 1;
for i from 1 to p−l do
class[i] := modp( rem(class[i-1]∗x,trinom,x), 3 ):
od:
test = modp( rem(class[p-1]∗x,trinom,x), 3 );
where the test should yield a value of 1 since ax
p = a1.
For convenience, we work in the group ring FG, where F is a ﬁeld of
characteristic 0 containing appropriate roots of unity. If λ is a nonprincipal
character of X, then by Lemma 2.2,
trλ atrλ−1a = u+ vtr1 a +wtr1a−1	
for some u	 v	w ∈ F . Note that u = 0, since axiaxj = 1 implies that a
is conjugate to a−1. Furthermore, since λ = 1, trλa is contained in the
augmentation ideal of FG, and this clearly implies that w = −v. Thus
trλ atrλ−1a = vtr1a− tr1 a−1	
and it remains to compute the coefﬁcient v. If we set y = λx−1, then
Lemma 2.2 implies that v =∑′ yk, where the sum is over all 0 ≤ k ≤ p− 1
with a1+x
k ∈ a. We can compute this explicitly in Maple V using
classet := convert(class,set):
coef := 0;
for k from 0 to p-1 do
if member( modp(1+class[k],3),classet ) then
coef := coef + yˆk
fi:
od:
Our goal now is to translate this information to ﬁelds of ﬁnite character-
istic. In particular, we want a ﬁeld K in which the coefﬁcient polynomial
vanishes, so that trλatrλ−1a = 0 in KG. But y must also be a primitive
pth root of 1, so we need a common root of the coefﬁcient polynomial and
the cyclotomic polynomial. This leads us to obtain the resultant of the two
and then to factor the resultant. The commands
res := resultant(cyclo,coef,y);
ifactor(res);
yield rather surprising numbers. Indeed, the resultant is an integer with
1167 digits, but it factors almost immediately since it is divisible by 32114.
The remaining factor is 3724314531003714, and that yields two char-
acteristics, different from 3 and p, where the resultant vanishes. Thus, if
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char K = 37243 or 5310037, then there exists a nonprincipal character
λ KX → K, independent of a, with trλatrλ−1a = 0. One can check
this procedure by observing that
Gcd(cyclo,coef) mod 37243;
Gcd(cyclo,coef) mod 5310037;
both yield nontrivial polynomials. Hence if y is a root of either of these
greatest common divisors, then y = λx−1 will yield the required nonprin-
cipal character.
Note that this computation with p = 13 and with any trinomial like x3 −
x − 1 = 0 yields a resultant equal to 729 = 36. Thus, there are no factors
prime to G in this smaller case. The remaining comments for this example,
concerning the nonlinear irreducible representations of KG, follow from
Lemmas 2.4 and 2.5.
We now return to the general Frobenius group situation to obtain results
that hold in all characteristics other than p or q. To start with, we have
Lemma 2.8. If AutXA denotes the group of automorphisms of A that
commute with the action of X = x, then AutXA is transitive on the
nonidentity elements of A. In particular, for each λ KX → K, the group
AutXA transitively permutes the λ-traces trλa with 1 = a ∈ A.
Proof. Since X is cyclic and acts faithfully and irreducibly on the ele-
mentary abelian q-group A, the GFq-subalgebra of EndA generated by
X is a ﬁnite ﬁeld F = GFqn. It follows that A ∼= F+, the additive group
of F , and that x acts on A like multiplication by an element of order p
in the multiplicative group F•. In particular, multiplication by F• is con-
tained in AutXA, and note that F• is transitive on the nonzero elements
of F+.
As a consequence, we obtain
Lemma 2.9. If b and c are nonidentity elements of A with tr1 btr1 c =
ptr1 b, then tr1 b = tr1 c, and tr1 a/p is an idempotent for all 1 = a ∈ A.
Proof. We know that KA = ⊕∑µ Kµ is the direct sum of copies of
K, one for each linear character µ KA → K. If γ ∈ KA, let supp
γ = µ  µγ = 0. Thus the support of γ is the set of coordinates where γ
has a nonzero entry. Now let µ ∈ supptr1 b. Then tr1 btr1 c = ptr1 b
yields
µtr1 b · µtr1 c = p · µtr1 b = 0	
so µtr1 c = p = 0 and µ ∈ supptr1 c. In particular, supptr1 b ⊆
supptr1 c. But, by the previous lemma, all tr1 a with a = 1 are conjugate
under AutXA, and hence they all have the same support size. Therefore,
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supptr1 b = supptr1 c, and, for all µ in this common support, we have
µtr1 c = p. By Lemma 2.8 again, it follows that for any 1 = a ∈ A, all
nonzero coordinates of tr1 a are equal to p. In particular, tr1 a is uniquely
determined by its support and, since supptr1 b = supptr1 c, we obtain
tr1 b = tr1 c, as required. Finally, since all coordinates of tr1 a/p are
either 0 or 1, we conclude that tr1 a/p is an idempotent.
As we have seen in Example 2.7(ii), this situation can occur. Next, we
need
Lemma 2.10. Let β0	 β1	    	 βp−1 ∈ KA satisfy
∑p−1
i=0 βiλxi = 0
for all nonprincipal linear characters λ KX → K. Then β0 = β1 =
· · · = βp−1.
Proof. Let λ KX → K be a ﬁxed nonprincipal linear character. Then
λj is also nonprincipal for j = 1	 2	    	 p − 1, so the hypothesis implies
that
p−1∑
i=1
βiλ
jxi = −β0 for all j = 1	 2	    	 p− 1
We view the above display as a system of p − 1 linear equations in the
p− 1 unknowns β1	 β2	    	 βp−1. Since the matrix of coefﬁcients λjxi
here is Vandermonde with a nonzero determinant, this system has a unique
solution. But observe that
p−1∑
i=0
β0λ
jxi = β0
p−1∑
i=0
λjxi = 0
since λj = 1. Thus there is one solution with all βi equal to β0, and by
uniqueness, this is the only possibility.
Finally, we are able to prove
Proposition 2.11. Let G = AX, where A is an elementary abelian
q-group, X is cyclic of prime order p, and X acts faithfully and irreducibly
on A. Suppose that char K = p or q, and that K contains a primitive pqth
root of unity. Then there exists a nonprincipal character λ KX → K with
tr1 atrλ atrλ−1a−1 = 0 for all 1 = a ∈ A
Proof. Fix 1 = a ∈ A and observe that, for any λ, we have
trλ atrλ−1 a−1 =
p−1∑
k=0
λx−k · tr1 ax
k−1
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by Lemma 2.2. Thus,
tr1 atrλ atrλ−1 a−1 =
p−1∑
k=0
λx−k · tr1 atr1 ax
k−1	
and our goal is to show that this expression cannot be zero for all λ = 1.
Note that, when k = 0, we have tr1 ax0−1 = tr1 1 = p. On the other hand,
when k = 0, we have axk−1 = 1. Indeed, if this were not the case, then
x would act like an element of order < p on a, so x would centralize a,
contradicting the fact that a = p.
Suppose, by way of contradiction, that the above displayed expression
vanishes for all λ = 1. Then Lemma 2.10 implies that the coefﬁcients
tr1 atr1axk−1 are equal for all k = 0	 1	    	 p− 1. In other words,
tr1 atr1 ax
k−1 = tr1 atr1 1 = ptr1 a
for all k = 1	 2	    	 p− 1, so Lemma 2.9 implies that tr1 a = tr1 axk−1 and
that tr1 a2 = ptr1 a. By Lemma 2.2, we now have
tr1 atr1 a−1 =
p−1∑
k=0
tr1 a
xk−1 = p+ p− 1tr1 a	
and, multiplying the above by tr1 a and using the fact that tr1 a2 =
ptr1 a, we obtain ptr1 atr1 a−1 = p2tr1 a. It follows that
ptr1 a = tr1 atr1 a−1 = p+ p− 1tr1 a	
so tr1 a = p, and again this contradicts the fact that a = p.
We have therefore shown that there exists λ = 1, depending on the ﬁxed
element 1 = a ∈ A, with tr1 atrλatrλ−1a−1 = 0. By Lemma 2.8, this
product is nonzero for the given λ and for all 1 = a ∈ A.
In view of Example 2.7(i) and the fact that trλ a is contained in the
augmentation ideal of KA, we cannot adjoin the extra factor tr1 a−1 to
the product tr1 atrλatrλ−1a−1 and guarantee that the new product is
nonzero. Furthermore, in view of Example 2.7(iii), it is at least problematic
that we could adjoin a factor like trλ−1 a or trλ a−1 and get a result
analogous to the above proposition.
3. CONSTRUCTION OF UNITS
In this section, we construct concrete units in KG and use a result
of Tits [T, Proposition 3.12] to show that these elements generate a group
which is not 2-related. To start with, let F be a ﬁeld with a nonarchimedean
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valuation ν. Then we say that F is locally compact, with respect to the topol-
ogy induced by ν, if every element of F has a neighborhood with compact
closure. It is known that F is locally compact if and only if ν is a complete,
discrete valuation with residue class ﬁeld F˜ ﬁnite. For convenience, and to
set notation, we state the above-mentioned result in the form we require.
Propositoin 3.1 [T]. Let a and b be semisimple elements in GLmF,
where F is a locally compact ﬁeld with nonarchimedean valuation ν. Let
GLmF act on the m-dimensional vector space V and write V = A+ ⊕A0 ⊕
A−. Here A+	A0, and A− are a-stable subspaces of V with dim A+ = dim
A− = 1. Furthermore, assume that the eigenvalues of a on these three spaces
are contained in F and have valuations which are positive, zero, and negative,
respectively. Similarly, write V = B+ ⊕ B0 ⊕ B− with corresponding properties
for the element b. If Ai ⊆ Bj ⊕ B0 and Bi ⊆ Aj ⊕A0 for all i	 j ∈ +	−,
then the nonabelian free group 2 is involved in a	 b.
The conclussion of [T, Proposition 3.12] is actually somewhat stronger
than stated here. Namely, it asserts that there exists an integer s0 such
that for all s ≥ s0, the image of as	 bs in PGLmF is free of rank 2.
The eight subspace noninclusions listed above are usually trivially satisﬁed
when m = 2. In general, if we let α+ denote the projection of V = A+ ⊕
A0 ⊕A− onto A+ and if α−	 β+, and β− are deﬁned similarly, then these
assumptions are equivalent to αiβj = 0 and βiαj = 0 for all i	 j ∈ +	−.
For obvious reasons, we call these the idempotent conditions, and the work
of the previous section will enable us to verify them.
The locally compact ﬁelds we require are obtained as follows.
Lemma 3.2. Suppose that either K = Q is the ﬁeld of rationals, or K =
K0t is the rational function ﬁeld in one variable over some ﬁnite prime ﬁeld
K0. If n is any ﬁxed positive integer, then there exists a ﬁeld extension F of K,
containing a splitting ﬁeld of xn− 1, such that F is locally compact with respect
to the topology induced by a nonarchimedean valuation ν. Furthermore,
i. If K = Q and if ε ∈ F is any nth root of 1, then there exist inﬁnitely
many integers k ∈ Z ⊆ K larger than 1 such that νk− ε > 0 and νk− δ =
0 for all other δ ∈ F with δn = 1.
ii. If K = K0t and if 0 = ε ∈ F ′, where F ′ is the ﬁnite subﬁeld of F
generated by all nth roots of 1, then there exist inﬁnitely many elements k ∈ K,
which are positive powers of t, such that νk− ε > 0 and νk− δ = 0 for
all other δ ∈ F ′.
Proof. (i) By an elementary special case of Dirichlet’s theorem [12,
Theorem 20.14], we can choose a prime p with p ≡ 1 mod n, and let
F = Qp denote the p-adic ﬁeld. Then F is endowed with a complete, dis-
crete valuation ν, and it has a ﬁnite residue ﬁeld F˜ = GFp. Thus, we
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know that F is locally compact. Let ϕ F → F˜ ∪ ∞ denote the place
map corresponding to ν. Then ϕ yields a homomorphism from the p-adic
integers Zp to F˜ . Since the polynomial xp − x splits completely and has dis-
tinct roots in F˜ , Hensel’s lemma implies that it splits completely in Zp and
that ϕ maps the roots in Zp to those in F˜ . In particular, since np − 1,
we see that Zp contains all nth roots of unity and that they are mapped by
ϕ in a one-to-one manner to the nth roots of unity in GFp.
Finally, let ε be any nth root of unity in Zp. Then ϕε ∈ GFp, so
there exist inﬁnitely many positive integers k ∈ Z ⊆ K with ϕk = ϕε.
Thus ϕk− ε = 0 and νk− ε > 0. On the other hand, if δ is an nth root
different from ε, then ϕδ = ϕε, so ϕk − δ = ϕε − ϕδ = 0, and,
consequently, νk− δ = 0.
(ii) Here K = K0t, and we let F ′ denote the splitting ﬁeld over K0
of the polynomial xn − 1, so that F ′ is a ﬁnite ﬁeld generated by all nth
roots of unity. Choose γ ∈ F ′ to generate the cyclic multiplicative group
of this ﬁeld, and let F = F ′t − γ ⊇ K be the ﬁeld consisting of all
Laurent series over F ′ in the variable t − γ. Certainly, F has a complete,
discrete valuation ν with ﬁnite residue ﬁeld F ′. In particular, F is locally
compact. Let ϕ F → F ′ ∪ ∞ denote the place map corresponding to
ν. Then ϕt − γ = 0, so ϕt = γ. Since γ is a cyclic generator for the
multiplicative group of F ′, it follows that each nonzero element of F ′ is an
image of inﬁnitely many distinct positive powers of t.
Finally, if 0 = ε ∈ F ′, then we know that there exist inﬁnitely many
distinct positive powers k = tj ∈ K with ϕk = ϕtj = γj = ε = ϕε.
Thus ϕk − ε = 0 and νk − ε > 0. On the other hand, if δ ∈ F ′ is
different from ε, then ϕδ = δ = ε = ϕε, so ϕk− δ = ϕε − ϕδ =
0, and, consequently, νk− δ = 0.
If K is a nonabsolute ﬁeld of positive characteristic, then, by deﬁnition, K
is not algebraic over its prime subﬁeld K0. Thus this ﬁeld contains numerous
transcendental elements, and for all of the constructions given below, we
select a ﬁxed such element t. We begin with the p-group case. Recall that
a minimal nonabelian p-group is a group that satisﬁes the conditions of
Lemma 1.4(i).
Lemma 3.3. Let K be a nonabsolute ﬁeld of characteristic = p, and let G
be a minimal nonabelian p-group. Then there exist subgroups X = x and
Y = y of G and special units uX and uY (based on the same transcendental
element t ∈ K if char K > 0), such that uX	 uY  is not 2-related.
Proof. Without loss of generality, we can assume that either K = Q is
the ﬁeld of rationals or that K = K0t is the rational function ﬁeld in one
variable over some ﬁnite prime subﬁeld K0. Write n = G and let F and ν
be given by Lemma 3.2. Then F contains all nth roots of unity, so it follows
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from [Il, Corollary 9.15 and Theorem 10.3] that F is a splitting ﬁeld for
KG. In other words, all irreducible representations  of FG are maps
onto full matrix rings over F . Furthermore, if g ∈ G, then all eigenvalues
of g are contained in F . Observe that, by assumption, n is prime to the
characteristic of K. Since G has the structure given by Lemma 1.4(i), there
are a number of cases to be considered.
Case 1 G = XY , where X = x is cyclic and Y = y has order p.
Proof. Let λ FX → F be a linear character faithful on X. Then con-
jugation by Y does not ﬁx λ, so λ has p distinct conjugates under this action.
In particular, since x generates X, it follows that the values λy
ix = εi, for
i = 0	 1	    	 p − 1, are distinct. Using Lemma 3.2, choose r ∈ K (either
an integer larger than 1 or a positive power of t) for ε0 and choose s ∈ K
for ε1. Since r and s are not roots of unity, x− r and x− s are invertible
in KG, and we set u = uX = x − r/x − s ∈ UKG. Similarly, let
δ0	 δ1	    	 δp−1 be the distinct pth roots of unity in F and, using Lemma
3.2, choose r ′ ∈ K for δ0 and s′ ∈ K for δ1. Since r ′ and s′ are not roots of
unity, we can deﬁne v = uY = y − r ′/y − s′ ∈ UKG.
We claim that uX	 uY  = u	 v involves and hence contains a non-
abelian free group. To this end, let θ FG →MpF be the induced repre-
sentation θ = λG. We show that u¯ = θu and v¯ = θv satisfy the hypothe-
ses of Proposition 3.1. First note that x¯ = θx = diagε0	 ε1	    	 εp−1,
so u¯ is diagonal, with its ith entry given by u¯i = εi − r/εi − s. By
Lemma 3.2 and the choice of r and s, we see that νu¯0 > 0	 νu¯1 < 0,
and νu¯i = 0 otherwise.
Next, since θ = λG, it follows that
y¯ = θy =


1
1
  
1
1

 	
and, hence, since p = charF , we see that y¯ is similar to diagδ0	 δ1	   ,
δp−1. Consequently, v¯ is similar to diagv¯0	 v¯1	    	 v¯p−1, where v¯i = δi −
r ′/δi − s′. Again, Lemma 3.2 implies that νv¯0 > 0, νv¯1 < 0, and
νv¯i = 0 otherwise.
Finally, note that the idempotents associated with the plus and minus
spaces for u¯ are the same as those for x¯, so we can write them as e¯+ =
θe+ and e¯− = θe−, where e+ and e− are primitive idempotents in FX.
Similarly, the idempotents associated with the plus and minus spaces of v¯
can be written as f¯+ = θf+ and f¯− = θf−, where f+ and f− are primitive
idempotents of FY . In particular, the identity coefﬁcients of f+ and f−
are both equal to 1/p. Furthermore, note that e¯+ and e¯− are diagonal and
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that y¯ i has no diagonal entries for i = 1	 2	    	 p − 1. Hence if e ∈ FX
is either of the two idempotents for u and if f ∈ FY  is either of the two
idempotents for v, then the diagonal entries of e¯f¯ or f¯ e¯ are the same as
the diagonal entries for e¯/p, and hence at least one such entry is nonzero
(see also [GP2, Lemma 2.3(i)]). We can now conclude from Proposition
3.1 that u¯	 v¯ contains a free group of rank 2, and, consequently, so does
u	 v.
If G is a nonabelian p-group of order p3 and if G is not of the form
XY , then either p is odd and G has period p, or p = 2 and G is quater-
nion of order 8.
Case 2 p is odd and G is a nonabelian, p-group of period p and
order p3.
Proof. Let X = x and Y = y be subgroups of order p that gen-
erate G, and let θ be a nonlinear irreducible representation of FG.
Then degθ = p, and each of x¯ = θx and y¯ = θy is similar to
diagδ0	 δ1	    	 δp−1, where δ0	 δ1	    	 δp−1 are the p distinct pth roots
of unity in F . Using Lemma 3.2, let r	 s ∈ K correspond to δ0 and δ1, respec-
tively, and set u = uX = x − r/x − s and v = uY = y − r/y − s.
Then u and v are units in KG, and, as in the preceding case, we see that
u¯ = θu and v¯ = θv satisfy the eigenvalue hypothesis of Proposition 3.1.
Finally, note that the idempotents associated with the plus and minus
spaces for u¯ are the same as those for x¯, so we can write them as e¯+ =
θe+ and e¯− = θe−, where e+ and e− are primitive idempotents in FX.
Similarly, the idempotents associated with the plus and minus spaces of v¯
can be written as f¯+ = θf+ and f¯− = θf−, where f+ and f− are primitive
idempotents of FY . Furthermore, if Z = G, then G = ZXY = ZYX,
so XY and YX are both sets of p2 coset representatives for Z in G. Thus,
by Lemma 2.1, the sets θXY  = θXθY  and θYX = θY θX are
bases for θFG = MpF. It now follows immediately from the linear
independence of these sets that if e¯ is one of e¯+ or e¯−, and if f¯ is one of f¯+
or f¯−, then e¯f¯ = 0 and f¯ e¯ = 0. This proves the idempotent condition, and
we conclude from Proposition 3.1 that u¯	 v¯ contains a nonabelian free
subgroup. Hence the same is true for u	 v = uX	 uY .
Case 3 p = 2, and G is the quaternion group of order 8.
Proof. Here we let x and y be elements of order 4 that generate G, and
we let θ be the nonlinear irreducible representation of FG. Then degθ =
2, and each of x¯ = θx and y¯ = θy is similar to diagi	−i, where i =√−1. Using Lemma 3.2, let r	 s ∈ K correspond to i and −i, respectively,
and set u = uX = x − r/x − s and v = uY = y − r/y − s. Then u
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and v are units in KG, and u¯ = θu and v¯ = θv satisfy the eigenvalue
hypothesis of Proposition 3.1. Furthermore, since degθ = 2, the idempotent
condition is automatically satisﬁed. Indeed, if this were not the case, then
x¯ and y¯ would have a common eigenvector, contradicting the irreducibility
of θ. As above, Proposition 3.1 yields the result.
Now we move on to the Frobenius case. Thus, for the remainder of this
section, we let G = AX, where A is an elementary abelian q-group,
X = x is cyclic of prime order p, and X acts faithfully and irreducibly on
A. Furthermore, we let K be a nonabsolute ﬁeld of characteristic different
from p and q, and we use the notation of the preceding section.
In the following lemma we assume that either K = Q is the ﬁeld of
rational numbers or that K = K0t is the rational function ﬁeld in one
variable over some ﬁnite prime subﬁeld K0. Furthermore, we write n = G,
and we let F and ν be given by Lemma 3.2. Since F contains a primitive
pqth root of unity, basic properties of the representation theory of FG
are contained in Lemma 1.5.
Lemma 3.4. Let α ∈ UKA and let K and F be as above. Suppose
there exists a nonlinear irreducible representation θ FG → MpF and
a nonprincipal linear character λ FX → F such that θtrσα = 0 and
θtrσα−1 = 0 for σ = 1	 λ	 λ−1. Then there exist elements r	 s ∈ K so that
the special unit u = x− r/x− s and its conjugate α−1uα generate a sub-
group of UKG that is not 2-related.
Proof. Deﬁne δ = λx so that δ is a primitive pth root of unity. Since
θ is induced from a linear representation of FA, it follows that x¯ = θx
is similar to diag1	 δ	    	 δp−1, a matrix with distinct eigenvalues, and,
hence, using Lemma 3.2, we can choose r	 s ∈ K corresponding to 1 and δ,
respectively. Then u = x − r/x − s and v = α−1uα are units of KG,
with u¯ = θu and v¯ = θv = u¯θα both satisfying the eigenvalue hypoth-
esis of Proposition 3.1.
Note that the idempotents associated with the positive and negative
spaces for u¯ are the same as those for x¯, namely θe1 and θeλ, in the
notation of the preceding section. This follows since r corresponds to the
eigenvalue 1 and s corresponds to δ = λx. Furthermore, the positive
and negative idempotents for v¯ are θα−1e1α and θα−1eλα. In particu-
lar, since θα and θα−1 are units in MpF, the idempotent condition is
equivalent to
θeµαeη = 0	 θeµα−1eη = 0 for all µ	η ∈ 1	 λ
But, by Lemma 2.3,
eµαeη =
1
p
trσ αeµ	 eµα−1eη =
1
p
trσ α−1eµ	
246 gonçalves and passman
where σ = µ−1η is contained in 1	 λλ−1. Thus, the hypothesis implies
that θtrσ α = 0 and θtrσ α−1 = 0 for all appropriate µ	η, and, there-
fore, by Lemma 2.4, these six elements are all invertible in the matrix ring.
In particular, since θeµ = 0 by Lemma 1.5, the idempotent condition
is satisﬁed, and we conclude from Proposition 3.1 that u¯	 v¯, and hence
u	 v, is not 2-related.
As an immediate consequence, we have
Proposition 3.5. Let G = AX, where A is an elementary abelian
q-group, X is cyclic of prime order p, and X acts faithfully and irreducibly
on A. Let K be a nonabsolute ﬁeld with either char K = 0 or with char
K > pp−1q−1. If 1 = x ∈ X and 1 = a ∈ A, then there exist elements
r	 s ∈ K so that the special units u = x − r/x − s and a−1ua generate a
subgroup of UKG that is not 2-related.
Proof. It sufﬁces to assume that K and F are as in the preceding lemma.
Then, F contains a primitive pqth root of unity, so Lemma 2.5 and
Proposition 2.6 apply to the group algebra FG. In particular, if θ is
any nonlinear irreducible representation of FG, then θtrλ a = 0 and
θtrλ a−1 = 0 for all linear characters λ FX → F . Lemma 3.4 now
yields the result.
Note that if y = xa, then uX = u = x− r/x− s and uY = ua = y −
r/y − s are the units given in the above proposition, and they are both
special (based on the same transcendental element t ∈ K if char K > 0). On
the other hand, a result of this nature does not hold in the p-group case.
Indeed, if H is a minimal nonabelian p-group, then H ′ ⊆ H. Thus,
for any x	 a ∈ H, the elements x and y = xa commute, and hence the
corresponding units uX and uY generate an abelian group.
To proceed further in the Frobenius case, we need the following obser-
vation in positive characteristic. Here K = K0t with K0 a ﬁnite ﬁeld, and
F is given by Lemma 3.2 based on n = G.
Lemma 3.6. Let 1 = a ∈ A, let t be a transcendental element of K, and
set
α = a− t
q
a− t ∈ UKA
Suppose θ is a nonlinear irreducible representation of FG and let
λ FX → F be a linear character. If either θtrλ α = 0 or θtrλ α−1 = 0,
then θtrλ ai = 0 for all i = 0	 1	    	 q− 1.
Proof. Let F ′ be the ﬁnite subﬁeld of F generated by all nth roots of
unity. Then, by Lemma 1.5, θFG = MpF, and we can assume that
θA is contained in the subring DF ′ of diagonal matrices with entries
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in F ′. In particular, since λX ⊆ F ′, we see that each θtrλ ai is contained
in DF ′.
Next, note that if k ∈ K with kq = 1; then
1
1− a−1k =
1
1− kq
q−1∑
i=0
a−iki	
since aq = 1. Hence, since
α = 1− a
−1tq
1− a−1t 	
we see that α is a nonzero scalar multiple of
1− a−1tq
q−1∑
i=0
a−iti =
q−1∑
i=0
a−iti −
q−1∑
i=0
a−i−1ti+q
In particular, if θtrλ α = 0, then linearity implies that
0 =
q−1∑
i=0
θtrλ a−iti −
q−1∑
i=0
θtrλ a−i−1ti+q
But, θtrλ a−i ∈ DF ′ and 1	 t	    	 t2q−1 are linearly independent over F ′,
so we conclude that each θtrλ a−i is zero, as required.
Similarly, α−1 is a nonzero scalar multiple of
1− a−1t
q−1∑
i=0
a−itqi =
q−1∑
i=0
a−itqi −
q−1∑
i=0
a−i−1tqi+1
Thus, since 1	 tq	 t2q	    	 tq−1q	 t	 tq+1	 t2q+1	    	 tq−1q+1 are linearly
independent over F ′, we again conclude that if θtrλ α−1 = 0, then
θtrλ a−i = 0 for all i = 0	 1	    	 q− 1.
Obviously tq could be replaced by tm, in the above, for anym ≥ q. Finally,
we prove
Proposition 3.7. Let G = AX, where A is an elementary abelian
q-group, X is cyclic of prime order p, and X acts faithfully and irreducibly
on A. Let K be a nonabsolute ﬁeld of positive characteristic and let t ∈ K
be a ﬁxed transcendental element. If 1 = x ∈ X and 1 = a ∈ A, then there
exist elements r	 s ∈ K that are positive powers of t, such that the special units
uX = x − r/x − s and uA = a − tq/a − t generate a subgroup of
UKG that is not 2-related.
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Proof. As usual, we can assume that K = K0t and that F is given by
Lemma 3.2 based on n = G. Thus, F contains a primitive pqth root
of unity, and we can conclude from Proposition 2.11, applied to the group
algebra FG, that there exists a nonprincipal linear character λ FX → F
with
τ = tr1 atrλ atrλ−1a−1 = 0
in FA. The semisimplicity of FA now implies that there exists an
irreducible representation µ FA → F with µτ = 0 and hence with
µtr1a = 0	 µtrλ a = 0, and µtrλ−1a−1 = 0. Note that µ = 1 since trλa
is contained in the augmentation ideal of FA. In particular, if we set
θ = µG, then Lemma 1.5 implies that θ is an irreducible representation of
FG with θtr1a = 0	 θtrλ a = 0, and θtrλ−1a−1 = 0.
Set α = uA = a− tq/a− t ∈ UKA. Then, by applying the preced-
ing lemma to the linear characters 1	 λ	 λ−1 in turn, we see that θtrσα = 0
and θtrσα−1 = 0 for all σ ∈ 1	 λ	 λ−1. With this, Lemma 3.4 now yields
a special unit u = uX = x− r/x− s with the property that u	 α−1uα
contains a nonabelian free group. Since u	 α ⊇ u	 α−1uα, the result
follows.
4. THE MODULAR CASE
It remains to handle the p-groups and the Frobenius groups in the mod-
ular case, namely where char K = π > 0 divides G. Since any such
group G must have G/ƆπG nonabelian, the only possibility occurs when
G = AX is Frobenius with X = p = π. For the most part, we handle
this situation using techniques reminiscent of [MS] and [GPl]. Indeed, only
the p = 2 case requires that we revert to an application of Proposition 3.1.
To start with, we note
Lemma 4.1. Let R be an algebra in characteristic p > 0, and let Rt
denote the polynomial ring over R in the variable t. Suppose α	β ∈ R with
α2 = 0 = β2 but with αβ not nilpotent. If we set u = 1+ tα and v = 1+ tβ,
then u and v are units of order p in Rt with u	 v = u ∗ v, the free
product of the two cyclic groups.
Proof. Observe that ui = 1 + tαi = 1 + itα, so u = p, and similarly
vj = 1+ jtβ, so v = p. Furthermore, if τ = ui1vj1ui2vj2 · · ·uinvjn is a non-
trivial product with is	 js ∈ 1	 2	    	 p− l, then τ is a polynomial in t with
constant term 1 and with leading coefﬁcient c2n = i1j1i2j2 · · · injnαβn =
0, since αβ is not nilpotent. Thus τ = 1, and the same argument handles
products which start with v or end with u. Obviously, u	 v = u ∗ v, as
required.
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If Cp denotes the cyclic group of order p, then the free product Cp ∗ Cp
contains a nonabelian free group when p > 2. On the other hand, C2 ∗ C2
is the inﬁnite dihedral group and hence it is solvable. Because of this, the
groups with p = 2 have to be dealt with in a different manner.
Lemma 4.2. Let G = AX, where A is an elementary abelian q-group,
X = p, and X = x acts faithfully and irreducibly on A. Suppose K is a
nonabsolute ﬁeld of characteristic p with transcendental element t, and set
u = 1+ t1+ x+ · · · + xp−1 ∈ UKX
If 1 = a ∈ A, then u	 a−1ua = u ∗ a−1ua ∼= Cp ∗ Cp.
Proof. Let K0 be the prime subﬁeld of K and set R = K0G. Since
t is transcendental over K0, we see that KG ⊇ Rt, where the latter
is isomorphic to the polynomial ring in the variable t over R. If α = 1+
x+ · · · + xp−1 and β = αa, then by the preceding lemma, it sufﬁces to show
that α2 = 0 = β2, but that αβ is not nilpotent. To start with, since xα = α,
we see that α2 = pα = 0, and hence the same is true of β. Indeed, if y = xa
and Y = y = Xa, then β = 1+ y + · · · + yp−1. Furthermore, since G is a
Frobenius group and 1 = a ∈ A, we have X ∩ Y = 1. Thus, every element
in the set product XY occurs precisely once, and consequently αβ is a
sum of p2 distinct group elements, each with coefﬁcient 1. In fact, since
xA = yA, we see that xiyj ∈ A if and only if j ≡ −i modp. Thus there
are precisely p elements in XY ∩A, and precisely one such product is the
identity element. By combining all of this information, we see that αβ is
a sum of p2 distinct elements, one is the identity, p − 1 are nonidentity
elements of A, and the remaining p2 − p belong to G\A. Again, using
the structure of Frobenius groups, we know that all elements of G\A have
order p. In other words, the sum of the coefﬁcients of those group elements
in αβ having order 1 or p is precisely equal to 1+ p2 −p = 1, using char
K = p. We therefore conclude from [P, Lemma 2.3.3(i)] that αβ is not
nilpotent, and Lemma 4.1 yields the result.
As we observed above, if y = xa, then the two units are given by
uX = 1+ t1+ x+ · · · + xp−1 and uY = 1+ t1+ y + · · · + yp−1
Of course, they are both special, based on t. At this point, we factor
a variant of these units obtained by replacing t with the transcendental
element −tp−1.
Lemma 4.3. Let x and t be commuting elements of a characteristic p
algebra R. If t is a unit of R, then
1− tp−11+ x+ · · · + xp−1 = −tp−1
p−1∏
i=1
x− 1− it−1
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Proof. If ζ belongs to a characteristic p algebra, then 1 + ζ + · · · +
ζp−1 = ζ − 1p−1 and ζp−1 − 1 = ∏p−1i=1 ζ − i. Thus, since x and t com-
mute, we have
1− tp−11+ x+ · · · + xp−1 = 1− tx− 1p−1 = −
p−1∏
i=1
tx− 1 − i
= −tp−1
p−1∏
i=1
x− 1− it−1	
as required.
Finally, we quickly handle the p = 2 case.
Lemma 4.4. Let G = AX, where A is an elementary abelian q-group,
X = 2, and X = x acts faithfully and irreducibly on A. Suppose K is a
nonabsolute ﬁeld of characteristic 2, and let t ∈ K be a ﬁxed transcendental
element. If 1 = a ∈ A, then there exist r	 s ∈ K that are positive powers of
t, such that the special units ua = a − r/a − s and uX = 1 + t1 + x
generate a group that is not 2-related.
Proof. As usual, we can assume that K = K0t, and we let F ⊇ K be
given by Lemma 3.2 with n = G. Since x has order 2 and acts faithfully
and irreducibly on A, it follows that A = a is cyclic of order q and that
ax = a−1. Let µ FA → F be a nonprincipal linear character and set
θ = µG. Then θFG = M2F	 θa = diagε	 ε−1, where ε = µa is
a primitive qth root of unity, and θx = 11 Using Lemma 3.2, choose
r ∈ K for ε and s ∈ K for ε−1, where r and s are both positive powers
of t. Since q is odd, ε = ε−1, and hence u = a − r/a − s is a unit in
KA, where θu is a diagonal matrix satisfying the eigenvalue assumption
of Proposition 3.1. As in the preceding lemmas, v = 1+ t1+ x is a unit in
KX. Thus, uv = v−1uv ∈ UKG, and θuv also satisﬁes the eigenvalue
assumption of Proposition 3.1.
Finally, note that the matrix units e1	 1 and e2	 2 are the idempotents
associated with the positive and negative subspaces for θu. Hence f+ =
θv−1e1	 1θv and f− = θv−1e2	 2θv are the idempotents associated
with the positive and negative subspaces for θv−1uv. Since θx = 11,
we have θv = 1+tt t1+t, and thus
f+ =
[
1+ t2 t + t2
t + t2 t2
]
and f− =
[
t2 t + t2
t + t2 1+ t2
]

Note that these matrices have all nonzero entries, so they do not annihilate
e1	 1 or e2	 2 on either side. In other words, the idempotent condition is sat-
isﬁed, and we conclude from Proposition 3.1 that θu and θuv generate
a group that is not 2-related. It follows that u	 uv contains a nonabelian
free group, and hence so does u	 v ⊇ u	 uv.
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It is now a simple matter to prove our main results. To start with, we
offer the
Proof of Theorem 12 If char K > 0, ﬁx a transcendental element t ∈ K.
We proceed by induction on G, and we divide the argument into two parts.
Case 1 KG is nonmodular.
Proof. By assumption, the order of G is prime to the characteristic of K.
Thus, the hypothesis on G is equivalent to the group being nonabelian. If
G has a proper nonabelian subgroup H, then by induction, KH contains
special units uX and uY with uX	 uY  not 2-related, so the result is proved
in this situation. Thus, it sufﬁces to assume that all proper subgroups of G
are abelian.
Similarly, suppose that G has a proper nonabelian homomorphic image
$G. By induction, there exist prime power elements x¯	 y¯ ∈ $G and scalars
r	 s	 r ′	 s′ ∈ K with the special units u¯ = x¯ − r/x¯ − s and v¯ = y¯ −
r ′/y¯ − s′ generating a group that is not 2-related. Choose prime power
elements x	 y ∈ G which map to x¯ and y¯, respectively. Then uX = x −
r/x − s and uY = y − r ′/y − s′ are special units of KG, since
r	 s	 r ′	 s′ are not roots of unity. Furthermore, uX %→ u¯ and uY %→ v¯ under
the homomorphism KG → K$G. Thus, uX	 uY  is not 2-related, and
we can now assume that all proper homomorphic images of G are abelian.
In other words, G satisﬁes the hypothesis of Lemma 1.4, where π is any
prime not dividing G, and we conclude that G is either a minimal non-
abelian p-group or a Frobenius group of the form G = AX. Fortunately,
these groups have already been considered. Indeed, Lemma 3.3 yields the
special units in the p-group case, while Propositions 3.5 and 3.7 handle the
Frobenius groups. With this, the nonmodular case is proved.
Case 2 KG is modular.
Proof. Here char K = π > 0 divides G, and G/ƆπG is nonabelian.
As in the preceding argument, it sufﬁces to assume that, for all proper
subgroups H of G, we have H/ƆπH abelian.
Next, suppose thatG has a proper homomorphic image $G with $G/Ɔπ$G
nonabelian. By induction, K$G has two special units u¯ and v¯ with appro-
priate properties. As we observed in the preceding case, units of the form
x¯ − r/x¯ − s can be lifted to units of a similar type in KG. Further-
more, special units of the form u¯ = 1+ t1+ x¯+ · · · + x¯π−1, where x¯ is a
π-element, can also be lifted. Indeed, there exists a π-element x ∈ G that
maps to x¯, and then u = 1+ t1+ x+ · · · + xπ−1 %→ u¯. Furthermore, u is
a unit since 1 + x + · · · + xπ−1 ∈ K0G is algebraic over K0 = GFπ (it
is in fact nilpotent), and hence it has only algebraic eigenvalues. With this,
it is clear that the result holds for G.
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Thus, it sufﬁces to assume that all proper homomorphic images $G of G
have $G/Ɔπ$G abelian. Lemma 1.4 now implies that G is either a minimal
nonabelian p-group or a Frobenius group having a particular structure. But
G/ƆπG is nonabelian and π divides G, so the only possibility here is
that G = AX, where X = p = π. Fortunately, such groups have already
been considered. Indeed, Lemmas 4.2 and 4.4 yield the result since Cp ∗Cp
is not 2-related when p > 2.
Finally, we have the
Proof of Corollary 13 Let  be the subgroup of UKG generated
by units of the form g − k with g ∈ G and k ∈ K. If char K = 0, then,
since all units of the form x− r/x− s are contained in , we conclude
from Theorem 1.2 that  is not 2-related. Thus, it sufﬁces to assume that
char K = π > 0. Again, any special unit of the form x − r/x − s is
contained in  and hence in K•, where K• is the multiplicative group of
K. Furthermore, so are units of the form 1− tπ−11+ x+ · · · + xπ−1, by
Lemma 4.3. Thus, by Theorem 1.2, with t replaced by −tπ−1, we see that
K• contains a rank 2 free group 2. But K• is central, so K• ∩ 2 = 1,
and hence / ∩ K• ∼= K•/K• contains a copy of 2. Since this is a
homomorphic image of , we conclude that  is not 2-related, and the
corollary is proved.
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